Abstract We prove that spaces of Keplerian curvilinear orbits, all orbits and elliptic orbits with marked pericenter cannot carry a norm, compatible with their standard topology. We also prove that the space of Keplerian elliptic orbits without marked pericenter cannot carry a norm, compatible with the natural metrics on it.
Introduction
In [1] and [2] several spaces of Keplerian orbits are defined. The metric spaces of curvilinear orbits H(b) and of all orbits H are described in [1] . Metrics on both spaces agree with the standard topology, induced from R d , where d is either 6 or 7, correspondingly. Moreover it is shown that both H(b) and H are 5-dimensional algebraic manifolds without singularities. They are open and arcwise-connected subsets of the corresponding R d . The space H is complete. Spaces E * and E of elliptic orbits were introduced in [2] . All these spaces are important and often used. One can hope to introduce a structure of a normed space, that agree with the standard topology, on one of these spaces. We show that one shouldn't try to do this, because it is impossible due to some topological reasons.
Definitions
In the space R 3 \ {0} consider the following equation r + κ 2 r r 3 = 0.
Remark 1 Let r(t) be a nonextendable solution of equation (1), t α < t < t ω . In case of a general position−t α = t ω = ∞. For linear trajectories for nonnegative full energy h, one of the boundary values t α , t ω is finite and other is infinite. For h < 0 both boundary values t α , t ω are finite.
Definition 1
We define an orbit as a class of all parametrizations r(t(t ′ )), where
Remark 2 Roughly speaking, an orbit is a set of points {r(t)} with a fixed ordering (orientation, that is defined by the time of reaching a point).
It is easy to see that the space of all orbits is 5-dimensional. This is due to 6 integration constants of equation (1) when we do not consider a position of a point on an orbit. As usual, it is easier to embed this space in a space, having higher dimension. We do it below. Let h be the full energy, c be the angular momentum vector, e be the Laplace vector:
Variables (2) are uniquely determined by an orbit. Seven (scalar) variables (2) satisfy the following two relations
One can find these formulae in every elementary book on celestial mechanics. Recall that a curvilinear orbit is uniquely determined by orthogonal vectors c, e when c > 0. In particular any vector c = 0 corresponds to a unique circular orbit, for which e = 0. Sometimes it is convinient to distinguish between circular orbits for fixed c = 0. To be able to do it, one can take a nonzero vector e and pass to a limit when e → 0 saving the direction of the vector e. We call them orbits with marked pericenter.
For a linear orbit we have c = 0, e = 1. This gives us a two-dimensional manifold (in fact it is the unit sphere, since any unit vector e is allowed). Nevertheless, any vector e correspond to a continuum of orbits with parameter h ∈ (−∞, ∞).
Now we are able to define spaces of orbits. Fix a nonnegative b.
Definition 2
We define the set of curvilinear orbits with angular momentum, greater than b as (3) and c > b .
Remark 3
The space H(0) contains all curvilinear orbits.
Definition 3
We define the set of all orbits as: (3) and c, e, h satisfy (4) .
On H(b) and H we consider metrics that are induced from R 6 and R 7 correspondingly.
Definition 4
We define the set of all elliptic orbits with marked pericenter as
Consider the following metrics on it
Here E k ∈ E * , and Q k is a parametrization that corresponds to E k . The parameter u defines a position on the elliptic orbit. It is the eccentric anomaly.
Remark 4 All the metrics ̺ * p generate the same topology. Define the following pseudometrics on E *
Here again E k ∈ E * , and Q k is a parametrization that corresponds to E k . The parameter u defines a position on the elliptic orbit. It is the eccentric anomaly.
Definition 5 We define the set of all elliptic orbits without marked pericenter as
where x ∼ y when ̺ p (x, y) = 0.
Remark 5 In the previous definition all the points (c, 0) become one point. On the space E pseudometrics ̺ p are nondegenerate. This means that they are metrics on E.
Theorem 1 For any b 0 there does not exist a way to define a structure of a finite-dimensional topological vector space over R on the space H(b).
Theorem 2 There does not exist a way to define a structure of a finite-dimensional topological vector space over R on the space H.
Theorem 3 There does not exist a way to define a structure of a finite-dimensional topological vector space over R on the space E * .
Theorem 4 For any p ∈ [1, ∞], there does not exist a way to define a structure of a finite-dimensional normed vector space over R on the space E, that agree with metric ̺ p .
Remark 6 Words "there does not exist a way to define a structure of a finite-dimensional topological vector space" on some space mean that there does not exist a finite-dimensional topological vector space, that is homomorphic to this space. Analogously, words "there is not exist a way to define a structure of a finite-dimensional normed vector space" on some space mean that there isn't exist a finite-dimensional topological vector space with a metric compatible with the topology, that is isometric to this space.
If it is impossible to define a structure of a finite-dimensional topological vector space then it is also impossible to define a structure of a finite-dimensional normed vector space.
Proofs
The proofs are based on the following topological fact. Topological vector spaces have very simple structure from the topological point of view. All topological facts we are going to use can be found in [3] .
Recall that all the spaces H(b), H, E * and E are of dimension 5. If one can define a linear structure that agree with the topology, then topological dimension and linear dimension (dimension of finite-dimensional vector space over R) must coincide. This is due to the fact that a finite-dimensional vector space has topological dimension that coincides with linear dimension and that manifolds of different topological dimensions cannot be homeomorphic.
We will also use the following two well-known facts:
Statement 1 Any two finite-dimensional topological vector spaces of the same dimension are homeomorphic to each other.
Statement 2
All norms on a finite-dimensional normed space are equivalent.
The space of curvilinear orbits H(b)
Statement 3 For any number b 0 we have
For a fixed vector c equation (3) defines a plane in the space R 3 , that is orthogonal to the vector c. Considering such planes for vectors from the sphere of a fixed radius r, we get the tangent bundle
Since we can take any r, we have
is homeomorphically mapped to T S 2 × (b, +∞) by the following mapping:
where |·| is a standard Euclidean norm.
Statement 4
The spaces H(b) and R 5 are not homotopy equivalent to each other.
Proof T S 2 is homotopy equivalent S 2 , bacause any fiber bundle with contractible layers is homotopy equivalent to its base. Therefor the space H(b) is homotopy equivalent to S 2 × R, that is homotopy equivalent to the sphere S 2 . It is well-known that S 2 is not homotopy equivalent to R 5 , because the latter has the property that any 2-sphere in it is homotopic to a point (one can use a linear homotopy, for example), but the sphere S 2 does not have this property. To be more precise, here we use the fact that spaces that are homotopy equivalent must have the same homotopy groups. In our case π 2 (S 2 ) = Z, but all homotopy groups of R 5 are trivial.
Corollary 1 (Theorem 1) For any b 0 there does not exist a way to define a structure of a finite-dimensional topological vector space over R on the space H(b).
Proof Homeomorphic spaces must be homotopy equivalent, thus it is enough to use the previous statement.
Remark 7 One can prove that there does not exist a way to define a structure of a finite-dimensional normed vector space over R on the space H(b), that agree with standard metric using a simpler argument. Any finitedimensional normed space is complete, while H(b) is not.
The space of all orbits H

Statement 5
The space R 5 can not be split by a compact set into two disjoint connected subsets, each having compact closure. I.e. the complement of each compact set in R 5 has exactly one connected component with noncompact closure.
Proof Every compact subset M of a metric space is bounded, therefor there exists a ball B with radius big enough, that contain M. Thus every connected component of the complement of M is either inside the ball B, or contain the complement of the ball B, that is connected. This is the reason, why this component can be only one, since it is the biggest connected subset, containing the complement. Then the components inside the ball are bounded and their closures are compact and one that contain the complement of the ball is unbounded and has noncompact closure.
Statement 6 (Theorem 2)
The space H is not homeomorphic to R 5 .
Proof For h = −1 equation (4) defines an ellipsoid, which is compact. In the space H both components of the complement of this set (h < −1 and h > −1; obviously, they are both connected) are unbounded, since for every h a solution of the equations (4) and (3) exists (for example, one can take c = 0, e ∈ S 2 ).
Remark 8
The space H is complete and in this case one cannot just repeat the proof of remark 7.
Statement 7 H ∼ = R × S 2 × S 2 .
Proof The linear change of the coordinates c → (κ 2 /2)c homeomorphically transforms equation (4) into the following e 2 − hc 2 = 1.
This change of coordinates does not affect equation (3) . We show how to construct a map E 1 : H → (0, ∞) × S 2 × S 2 and its inverse. Let 
Define a value of E 1 (h, c, e) as (k, p, q), where k, p and q are defined using equalities (5)-(8).
